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In early 80's M.Gromov showed that there exists a constant e such that 
any compact Riemannian manifold M" with IT^lAf" • diam^ (M") < e can 
be finitely covered by a nilmanifold. The present paper illustrates by an 
explicit example that the pinching constant e depends on the dimension 
n of the manifold, in particular, it decreases with the dimension at least 



1 Introduction 



A compact Riemannian manifold Af" is called e-flat if its curvature is bounded 
in terms of the diameter as follows: 



o 

p 

\K\<e-diam-^(M), 

00 

o 



where K denotes the sectional curvature and diam{M) the diameter of M. If 
one scales an e— flat metric it remains e— flat. 



}_( ' By almost flat we mean that the manifold carries e-flat metrics for arbitrary 

: e>0. 

A question may arise whether there exist really substantial examples of such 
manifolds. In [4 Groniov showed that any nilmanifold (= a compact quotient 
of a nilpotent Lie group) is almost flat. Moreover, he proved that those are up 
to finite quotients the only almost flat manifolds (cf. [T]). This is a remarkable 
result in the sense that it makes it possible to get information on the topology 
and algebraic structure of the manifold solely from assumptions on its curvature: 

Theorem (Gromov) 

Let A/" be an s{n)— flat manifold, where 
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e{n) = exp(— exp(exp n^)). 



(1) 



Then M is finitely covered by a nilmanifold. More precisely: 

(i) The fundamental group t:i{M) contains a torsion-free nilpotent normal sub- 
group ip of rank n, 

(a) The quotient G — ■ni{M)/^ has finite order and is isomorphic to a subgroup 
ofO{n), 

(Hi) the finite covering of M with fundamental group ^ and deckgroup G is 
diffeomorphic to a nilmanifold N/ip, 

(iv) The simply connected nilpotent group N is uniquely determined by 7ri(Af). 

Gromov in [3] does not specify the restrictions upon e{n). The constant ([T]) is 
given as in the proof of Buser and Karcher, [1]. It reflects for larger n what 
their proof can yield. It is clear that this constant may not be optimal: much 
better constants can be obtained for small n{~ 2,3,4). In this context the 
problem of obtaining an effective pinching constant is, therefore, quite natural. 
In particular, one may ask a question whether e should necessarily depend on 
the dimension of the manifold. This question wc can answer in the affirmative: 

Theorem (Main Result) 

In every dimension n there exists a manifold {M'^,g) with 

|if|(M",s) •d«am2(M",.g) < i| (2) 
which can not be finitely covered by a nilmanifold. 



2 An n— dimensional solvable Lie group with the 
sectional curvature bounded by ^. 

Consider a Lie group S = R" x K with the group operation L(^y t){w, s) = 
{v + h{t)w, t + s), where h{t) — Exp{tA), A e GL{n, R). As can be easily seen, 
S is solvable. 

Indeed, take any two elements (w, t), (w, s) £ S. Direct computation shows that 
their commutator is equal to [{v , t) , (w , s)] = (w, 0), where u = h(—s — t)v — 
h{—t)v + h{—s)w — h{—s — t)w, and [[{v,t){w,s)],{w,s)] — {h{—s)u — u,0). 
Then [[[{v, t){w, s)], {w, s)], [{v, t), (w, s)]] = (0, 0), and the conclusion follows. 
Describe a lattice T' in S. 

Lemma 1 A matrix B G GL(R, n) preserves a lattice in R" (BY = T) if and 
only if B is conjugate to a matrix in GL{Z,n). 
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Proof 

Note first that if a matrix B preserves a lattice, then any conjugate TBT~^ 
of B also preserves a lattice. Indeed, if F is a lattice, TV is also a lattice 
and is preserved by TBT~^. Let now B preserves a canonical lattice (the 
one spanned to an orthonormal basis of vectors) . Straightforward computation 
shows that in this case B and B~^ have got the determinant equal to 1 or -1 
and integer entrees, hence, B belongs to GL{Z,n). And the other way round: 
direct computation shows that a matrix B from GL{Z, n) preserves a canonical 
lattice, therefore, its conjugate preserves a given one. ■ 

The above Lemma shows that we can choose a lattice in S in the form T' = F >^ Z, 
provided that F is a lattice in R" invariant under ExpA. Notice also that if 
F' = F XI Z is a lattice, F'^ = ^F xi Z is also a lattice ior h^Q. 

Lemma 2 Suppose that ExpA has eigenvalues with absolute value different 
from, 1. A quotient manifold of S by a uniform discrete subgroup (a lattice) 
F' = F XI Z can not be covered by a nilmanifold. 

Proof 

Suppose, there exists a covering of M' = S/T' by a nilmanifold N' . Then, by 
Gromov's theorem, without loss of generality, we can regard N' as N' = N/^, 
where ^ is a lattice in a simply connected nilmanifold N and ^ C tti{M') as a 
normal subgroup of finite index k. Since S is simply connected, 7ri(M') i2 F'. 
So, according to our assumption, the nilpotent group ^ is contained in the 
solvable group F' as a normal subgroup of finite index k. 

It means that F"' =< g''\g G F' >C \E' is nilpotent and the element (0, fc) is 
contained in F"^. Moreover, := ^ f] F"^ is contained in as a subgroup of 
finite index. Since 4*' is normal in F''^ and F'*^ is nilpotent we can find normal 
subgroups C .... C ^'d = ^f' such that \E'j/\I'i_i is in the center of the group 
V'/^i-i. This in turn implies that the subgroups ^'j are invariant under the 
map 

c : *' ^ 



X {0,k)x{0,-k) 

In addition we know that c induces the identity on the quotient group 
Notice that c is a linear map on the lattice 5"'. The above properties clearly 
imply that the eigenvalues of this map are 1. On the other hand the eigenvalues 
are given by the eigenvalues of Exp{kA). Thus the eigenvalues of ExpA are 
roots of unity. A contradiction. 

■ 

The next aim is to estimate the sectional curvature of the Lie group S endowed 
with a suitable left-invariant metric. 

We consider a matrix A which is given as the sum of the following two matrices: 
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Ai 
Ai 



A( 
Xi 



A;+i 



Am / 



+ 



V 



with Xi real. 
Then Exp{tA) 



v'l 
-ipi 



ifi 
-ipi 



/ 



/ gtAi ( cos{t(pi) sin{t(pi) 

y —sin{tipi) cos{tipi) 






cos{ttpi) sin{t(pi) 
—sin{t(pi) cos{t(fii) 







We define a standard left-invariant metric on S: 



{vi,V2){w,t) = ((c^-^-(J,t))(u;,t)^^l! (c^-t'(J,t))(t«,t)^^2)(0,0) = (^(-i)^! , ^2 ) (0,0) (3) 

where 

< •) • >(o,o) is a standard Euclidean scalar product on s i2 ]R"+i for s - the Lie 
algebra of S and vi,V2 G s. Prom the explicit expression for this metric follows 
the obvious 

Lemma 3 S is isometric to S, where S is a Lie group corresponding to the 
matrix A equal to 
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Ai 
Ai 



A, 
Ai 



A;+i 



Am / 



Lemma 4 // one puts Xmax — max{\Xi\,i — 1, ...,to}, the sectional curvature 
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of S is bounded from above by \K\s < —A 
Proof 

The curvature of a left-invariant metric on a Lie group is given by 



< R{X,Y)Y,X>^ -IKadxTiY) + (ady)*(X)f - < (adx)*W, {adynY) > 
-lm,Y]\\^ -\< [[X,Y],YiX > -i < [[Y,X],X],Y> 
where X,Y are left-invariant vector fields, 

= (di(,„,t))re = h{t)Y, 

(cf., for example, [Ij). 

To simplify the computations, for metrical estimates we can use the group S. 
The Lie bracket for S is given by 



where 



So, 



[X, Y] = xoAY' - yoAX' 

X={X', xo) 
Y={Y', yo) 

\adxY\\ = \\[X,Y]\\ <max|A,|||X||||y|| 



and the same estimation holds for the matrix of the adjoint operator (adx)* 



Indeed, take {adx)*Y / and put Z 



(.adx)'Y 
\\i<idxrY\\ 



Then 



WiadxTYW =< {adxyY,Z >=<Y,adxZ >< ||adx^|| < max |A,| ||y|| 

i 

Hence, finally, \K\ < ^A^„^. ■ 

So we see that the sectional curvature of S is controlled by the eigenvalues of 
the matrix A. 
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Remark 5 // the eigenvalues of Exp A satisfy the equation 

+ 1 = 

it corresponds to the case when S is flat. 
Consider the equation 

1 = 



(4) 



Lemma 6 The left-hand side of the equation is the characteristic polyno- 
mial of a matrix T' G GL^Z, n) if n — 2k. 

Proof 
Let T' = 



V 





-10 
0-10 







1 



a 

-1 



where a = (—1)'° ■ 3. 

Direct computation shows that this matrix is indeed in GL{Z,n). From the 
exphcit form of T', the characteristic polynomial of T' is exactly the polynomial 
on the left-hand side of the equation (j4|) . ■ 



Remark 7 If n — 2k -\- \ we consider the polynomial 

{x + \){x^'' + ix^ + \) = Q 
and the corresponding matrix T" G GL(Z,rt) 



(5) 



V 





-10 
0-10 

0. . 

0. . 

0. . 

0. . 



where ai = (-1)'= • 3, 03 = (-l)'=+i • 3. 









































ai 










0.2 


-1 







1 







-1 






k + 1 



Note also that the matrix T'{T") is semisimple (cf., for example, W. Greub, 
[3]), hence each of its invariant subspaces has a complement invariant subspace, 
therefore, T' can be decomposed over the reals into 2x2 blocks. In particular, 
T' is conjugate to 
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u' 



I ( ^"■'^^'^ sinipi 
'Sirvpi cos(pi 



Q ^x, / costpi smtpi 

y y —sirupi cosipi J J 



for \i — ln\ri\, where are the roots of the characteristic equation ([1]), and 
corresponding (^'s. 

Straightforward computation shows that for any i ~ \^ ...,n^ ln\ri\ < j^. 
Hence, Xmax < ^■ 

Now consider the matrix A corresponding to these values of Ai and ipi and let 
S denote the corresponding group. By construction A is conjugate to a matrix 
in Gl{'L,n). Therefore A preserves a lattice T and hence S contains the lattice 
of the form T' T x Z. Clearly, T',^ = x Z is lattice as well 

The next step is to estimate the diameter of the quotient manifold S/T'f^ : 



Lemma 8 

lim dMm(S'/r'^) = diam{M./l) = 1. (6) 

h — ^CX3 

Proof 

First note that Sy^^j^YxZ) fibers over S'/(Rnxiz)- The natural projection 

pr : S/ (j-ryiz) ^ (ei>^z) = 

is a Riemannian submersion (a maximal rank surjective map, preserving the 
lengths of vectors orthogonal to the fiber.) It is easy to see, that the diameter 
of the fiber tends to zero. Thus 

diamM^ — ^ diamS^ = 1 



3 Proof of the Main Result 



In any dimension n take {M^,g) equal to (S'/r'^,g'), where is a quotient 

of an n-dimensional solvable Lie group described in Section 2 and g' is a left- 
invariant metric on S as in From Lemma El the estimation for the maximal 
eigenvalue of A in the definition of S is Xmax ^ ^ • 

Now we can use Lemma|l]to estimate the sectional curvature of (S'/F'^, g'): 



|i^|(5/r'„,o < ^. (7) 
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From Lemma [S] we can choose an h so that 



For this h 



Recall that, from Lemma [H can not be covered by a nilmanifold. 

So, we can conclude that the pinching constant in the Gromov's Theorem de- 
creases with the dimension at least as 
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